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Abstract 

In monograph of D. E. Blair Riemannian geometry of contact and symplectic 
manifolds and in the paper of S. Zamkovoy Canonical connections on paracon- 
tact manifolds, the curvature identities respectively for contact and paracontact 
metric manifold are proved. We obtain the curvature identity in the wider class 
of manifolds, which generalizes results presented in above mentioned publica- 
tions. Moreover, we present some properties of almost (para)hermitian structure 
on a special semiproduct of i?+ and an almost (para) contact metric manifold. 
This semiproduct plays an auxiliary role in proving main theorem. 
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1. Preliminaries 

Let M be a (2n + l)-dimensional differentiate manifold endowed with a 
(1, l)-tensor filed ip, a vector filed £ and a 1-form 77 such that 

l p 2 X = s 1 (X-r ] (X)0, 77(0 = 1, (1) 

where E\ = ±1. We note that ([T]) implies ipt; = and rj o ip = 0. When £\ = — 1, 
the triple (ip, £, 77) is an almost contact structure on M . When ei — 1 and the 
tensor field tp induces an almost paracomplex structure on the distribution D = 
Ker 77, the triple is an almost paracontact structure on M (pj,l2)l3j,|j|). An almost 
paraepmplex structure on D means that eigendistributions T) ± corresponding 
to the eigenvalues ±1 of tp are both n-dimensional. Assume additionally that 
M is endowed with a Riemannian or pseudo-Riemannian metric g such that 

g{^X,pY) - - Sl {g{X,Y) - s oV {X) V {Y)), (2) 
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where eq = ±1. One claims that ^ implies r)(X) — Sog(X, £), and consequently 
= £o- For simplicity, let us call the quadruple (ip, £,r), g) satisfying the 
conditions ([T]) and © to be an almost (para)contact metric structure on M, 
and the manifold endowed with such a structure to be an almost (para)contact 
metric manifold. The skew-symmetric (0, 2)-tensor field ^, denned by <P(X, Y) = 
g(X,ipY), is called the fundamental form corresponding to the structure. 

Adopted by us the compatibility condition of the metric g with the struc- 
ture (if, £, 77) is very general in nature and involves a number of classes of man- 
ifolds found in the literature d H, 0, i, !, 

On an almost (para)contact metric manifold, we define the tensor filed 
A« by 

A« (X, Y) = N(X, Y) - 2e x dr)(X, Y)£, 
where N is the Nijenhuis tensor of tp given by 

N(X, Y) = p 2 [X, Y] + [<pX, <pY] - <p[<pX, Y] - <p[X, V Y\. 

If vanishes identically, then the almost (para)contact metric manifold is 
said to be normal. In fact, the normality does not depend on the metric g. The 
normality condition says that the almost (para) complex structure J defined on 
M x M by 

Jd t =e^, JX = ipX + T]{X)d t for any X G X(M). 

is integrable, t being the Cartesian coordinate on R and dt — d/dt. An almost 
(para)contact metric manifold is said to be (para) contact metric one if <P = dij 

(BEil); 

2. An almost (para) complex manifold 

In the sequel, we will use the theorem binding a covariant derivative of 
the tensor field J in the direction of the Nijenhuis tensor of J with the curvature 
of an almost (para)complex manifold. 

Let M be a 2n-dimensional almost (para)complex manifold i.e. diffcrcn- 
tiable manifold endowed with a (1, l)-tensor field J such that 

J 2 = eil, ei = ±1. 

When £1 = —1, J is an almost complex structure. When e-y = 1 and the ±1 
eigendistributions of J are n-dimensional, J is an almost paracomplex structure. 
Let N be the Nijenhuis tensor of J, 

N(X, Y) = J 2 [A, Y] + [JX, JY] - J[JX, Y] - J[X, JY}. 
For a (symmetric) affine connection V on M, let 
R(X,Y) = [V S> V 9 }-V [m 
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be the curvature operator of V. Moreover, assume 

[Vjp J] =V^oJ-JoV 1 = V X J- 

The theorem below is a generalization of A. Gray's theorem applying to the 
curvature of an almost hermitian structure ([HI)- 

Theorem 1. If an affine connection V satisfies additionally the condition 

[V JX ,J]=SJ[W X ,J] (3) 

for a constant 5 = ±1, then 

IVn ( x,y), J } = -eAR{X,Y),J]-[R{JX,JY),J] 

+ 8J[R(JX,Y),J] + 5J[R{X,JY),J]. 

Proof. We have in general 

- e![R(X,Y) z J] - [R{JX,JY),J] + 5J[R{JX,Y\J] 

+ 5J[R{X,JY),J]= - £l [[V^V ? ],J]-J[V^,V J? ],y] (5) 

+aj[[Vjf , v J? ], j] + sj[[VjX, v ? ], J] + [v^,?,, J}. 

Rewrite the condition Q in the following equivalent way 

V JX o J = J oV + 5J oV x o J — SeiV x . (6) 

Now, using among others (O, we find the following relations after some long 
but easy calculations 

-ei[[V^,V ? ], J] 
-[[V^V^J] 



Sj[[V X ,Vjy],J 



SJ[[VjX,Vy},j] 
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= - eiV x o V y o J + eiVy o o J (7) 

+ £l J O O Vy — E\ J O Vy O V X , 

= -5 Jo V x o Jo V jy +fciV^ o V J? (8) 

— (5 J O V JX O Vy O J — JV x O J O Vy O J 

+ £iV^ o V y o J + <5eiV 7 j^ o V y 
+ 6 J o V Y o J oV JX — 5s\ Vy o V 

+ 5 J O V jy OV^OJ + JO Vy O J OV X O J 

— £iVy oVjO J - (5eiVjy oVp 

= 5 J O V^ O JO V 7 y + J O V^ O JO Vy O J (9) 

— £i J o V^ o Vy — (5 J o V Jy o Vjf o J 

— felVjf O V 7 y + fclV^y 

= S J O V JX O Vy O J — SJ O Vy O J O V^ (10) 

— Jo Vy oJoV^oJ + ejJo Vy o V x 

— felV J X O Vy + felVy O 



Applying the expressions ([7]) - (fTUl) turns (J5J) into 

3. An almost (para) contact metric manifold 

We will propose the construction of an almost (para)hermitian structure 
on a special semiproduct of R + and an almost (para)contact metric manifold 
(for a special case where an almost contact metric manifold is used see (fl4|)). 

Let M be an almost (para)contact metric manifold and (tp, £, rj, g) its 
almost (para)contact metric structure. On the product manifold M = R+ x M, 
consider the cone metric (a kind of warped product metric) 5 defined by 

9 = -eoEidt 2 +t 2 g (11) 

Define a (1, l)-tcnsor field J on M by assuming 

Jd t = JX = tpX - e a e 1 tr](X)dt for any X e X(M), (12) 

where t is the Cartesian coordinate on R+ and dt — d/dt. Using (fTT|) and ([T2|) . 
one can easily check that the pair (J, g) becomes an almost (para-)Hermitian 
structure on M (precisely, almost Hermitian if ex = —1, and almost para- 
Hermitian if e\ = 1), that is, 

J 2 = eil, g(JX, JY) = -s{g(X, Y) for any X, Y e X(M). 

Let fl be the fundamental form corresponding to the structure (J,g), that is, 
f2(X, Y) = g(X, JY). In view of $TQ) and (H2), we have 

fl(X,Y) = t 2 $(X,Y), n(X,d t )=-tr,(X) 

and hence 

Q = t 2 <P - 2tr) A dt. (13) 

It is a strighforward verification that the Levi-Civita connection V of 5 
is given by 

V at d t =0, V x dt = V 9t X = ~X, V X Y = V X Y + s s 1 tg{X,Y)d t (14) 

for any X, Y e X(AI), V being the Levi-Civita connection of the metric g. Using 
(fT2|) and (|14p . we find the following formulas for the covariant derivative of J 

(V dt J)d t = 0, (V 9t J)A = 0, 

(V x J)d t = -j(e V x Z + <pX), (15) 

(VxJ)Y = (y x tp)Y + e ig (X,Y)Z-eoeiri{Y)X 
-£ £it((Vxv)Y-g(X,<pY)))d t . 
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Proposition 1. The structure (J,g) defined by ill)) and U2\) is (para-)Kdhler 
(V J = 0) if and only if the structure (if, £, 77, g) satisfies the condition 

(V x <p)Y = -e l9 (X, Y)£ + s Q s lV (Y)X. (16) 



PROOF. By ([15]), we see that (VJ = 0) impiles ([To]) . 

To have the converse implication, first we put Y = £ in (|16j) and find 
V x £ = —So^X and (Vxtj)y = g(X,ipY). These equalities together with ([15]) 
give (VJ) = 0. 

The manifold M will be called (para-)Sasakian if it realizes the condition 

Proposition 2. The structure (J,g) defined by ill]) and A12\) is almost (para- 
)Kahler (dfi = 0) if and only if the structure (if, £, 77, g) is a (para) contact one 
(drj = $). 

Proof. By ([13]), we have 

dfl = r 2 d$ + 2tdt A (<P - drj), 

which gives a thesis. 

Proposition 3. The structure (J, 5) defined by and satisfies the con- 
dition 

[W JX ,J]Y = 6J[W X ,J]Y for S = ±l, (17) 

if and only if the almost (para) contact structure (<p,£,T),g) on M satisfies the 
equality 

(V^Y - 5y{V xV )Y - 5s x {V x rj){Y)(i 

= (5-l)(eig(ipX,Y)Z-s s l r } (Y) l pX). 



PROOF. The condition JT8]) is fulfilled if and only if V JX J = 5JV X J. In view 
of (|12l) and (TTSl) . it can be equivalently written as 

(V vX J)Y = SJ(y x J)Y, (19) 

(V v xJ)d t = 5J(V x J)d t , (20) 

( V? J)F = 0, (21) 

{V 6 J)d t = 0. (22) 



Next using once again ([12]) and ([15]). we calculate, that (|19p is equivalent 
to the pair of equalities ([18]) and 



(y v xri)(Y)-g(<pX,<pY) 

= S( V (V xV ){Y)-g(<pX, V Y)). 
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The condition (f2"Uf is equivalent to 

e V v xi + V 2 X = 5(ewVxt + V 2 X). (24) 
The condition (f2~Tj) is equivalent to 

(V e ^)F = 0, and {V 6 r})(Y) = 0. (25) 
The condition (f2"2"j) is equivalent to 

V c e - 0. (26) 

Now suffice it to see that only (fT5|) is a significance for the proof. Exactly, 
putting X = Y = £ in fllSJ) and using ([T]). we get ([26)l. Putting X = £ in (THJl 
and using (JTJ and (gU), we get ((23 . Putting F = £ in (JTHJl and using ©, we 
get pi]). Using ([Ml), we calculate (|25|) . 

M is a semiproduct manifold, so that it is easy to check that 
Proposition 4. For the curvature of the manifold M, we have 



R(d t ,X)d t = 0, R(X,Y)d t = 0, R(d t ,X)Y = 0, 
R(X, Y)Z = R(X, Y)Z + e e ig (Y, Z)X - £ £ig{X, Z)Y, 



(27) 



where R (respectively R) are the curvature tensors for ~g (respectively for g). 
As a consequence of the Proposition 2] and (IT2"j) . we get 
Proposition 5. The curvature of the manifold M satisfies 
R(d t ,X)(Jd t ) = 0, R(d t ,X){JY) = 0, 



R(X, Y)( Jd t ) = -j[R(X, Y)£ + s lV (Y)X - e lV (X)Y], (28) 



£o 
t 

R(X, Y){ JZ) = R(X, Y)(ipZ) + e e ig (Y, ipZ)X - e e ig (X, <pZ)Y. 
For eo = 1 and E\ = —1, formulas ([T^|. (|2"T1) . I[2"8]) are presented in ([1/ 



Proposition 6. The Nijenhuis tensor N of the operator J on the manifold M 
is given as 

N(X, Y) = JV« (X, Y) - eoetfNW (X, Y)d t , 



whe 



N{d t ,Y) = -—N^Y + exN^Ydt, 



N&(X,Y) = (L 9XV )(Y) - (L 9Y T])(X), 
N (3) Y = (£t<p)Y, 
N&Y = (^r])(Y), 



(29) 
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Proof. Let us recall that 

N(X, Y) = J 2 [X, Y] + [JX, JY] - J[JX, Y] - J[X, JY] 
N(d t ,Y) = J 2 [d t ,Y] + [Jd u JY] - J[Jd t ,Y] - J[d t , JY}. 

Using (H2J), ([H]) and (fT5|) in above expressions, we obtain a thesis. 

The following theorem contines the main curvature identity in the considered 
class of manifolds. Later, we will present its application in two subclasses of 
the manifold (a) a (para)contact metric and (b) an almost normal (para)contact 
metric. 

Theorem 2. The curvature of an almost (para) contact metric manifold satis- 
fying the condition (I18p fulfills the following identity 

{5 [R(Z, cpX), ip] + 5 [R(<pZ, X), <p] + e x [R{^Z, <pX), <p] <p (30) 
+ [R(Z, X)M <p)Y + n(Y)(R(ipZ, <pX)£ + £l R(Z, X)£) 

= 6e 1 {{V lpN(z ,x)<p)Y + e ig (<pN(Z, X), Y)£ - e eiv(Y) V N(Z, X)} 
- e o£l (S - l){2g(<pZ,Y)<pX - 2g{<pX,Y)cpZ - g(<pZ, <pY)X 
+ g(<pX, ^Y)Z + g(Z, Y) V 2 X - g(X, Y) V 2 Z}. 

Proof. From the Proposition [3] we know that a condition (TT8l) is equivalent 
to (fI7]l. Hence in view of (gj) for Z, X £ X(M), we have 

5e 1 [V J ^ {zxr J}=S[R(JZ 7 X),J}+6[R(Z,JXU} 

+ e 1 [R{JZ,JX),J]J+[R(Z,X),J]J. 

Applying (PI), (|T5j), pij) and ([25]), we get 

= fci{(V yjV(ZiX) ^)r + e ig (<pN(Z, X), Y)£ 
- e eir)(Y)ipN{Z, X) - £ sit{{V ^z^rfiY 
-g(<pN(Z,X),<pY))d t }. 

Moreover using ([11]), (gTJ) and ([25]). we obtain 

S[R{JZ,X),J]Y = 5{R(JZ,X)JY - JR(JZ,X)Y} 

= 5{[R(<pZ, X),<p]Y + e ei(g(<pZ, Y)<pX - g(<pX, Y) V Z 
- 9 (<pZ,ipY)X ~g(X,Y)cp 2 Z) 
+ eoe^R^Z, X)Y) - E e ig {yZ, Y) V (X))d t }, 

8[R(Z, JX), J]Y = 6{R(Z,JX)JY -JR(Z,JX)Y} 

= 5{[R(Z, <pX),(p]Y + £ ei(g{<pZ, Y)<pX - g(cpX, Y)<pZ 
+ g&X,vY)Z + g(Z,Y)v 2 X) 
+ eoejtWRiZ, ifX)Y) + e E ig (<pX, Y)n(Z))d t }, 
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e 1 [R(JZ,JX),J]JY = £l R[JZ,JX}J 2 Y - £l JR{JZ,JX)JY 

= e x [R{<pZ, <pX), V ]<pY - e e 1 {g{( P Z, Y) V X 
-g{ V X,Y) i pZ-g{ V ,Z, V Y)X 
+ g(<pX, i pY)Z)+e g(Z,Y)r,(X)Z 
- e g(X,Y) V (Z)Z 

+ r](Y)R(ipZ, <pX)£ + e tri(R(<pZ, yX)yY)d u 

[R(Z,X),J]JY = R{Z,X)J 2 Y - JR{Z,X)JY 

= [R(Z, X), <p]<pY - e oSl {g{<pZ, Y)<pX - g(<pX, Y) V Z 
+ g(Z, Y)<p 2 X - g(X, Y)^ 2 Z) - e a g{Z, Y) V {X)Z 
+ e g{X, Y) V (Z)t + e lV {Y)R{Z, X)£ 
+ e Q e x t{r]{R{Z, X)<pY) + e e ig (ipZ, Y) V (X) 
-e e ig ( V X,Y) v (Z))d t . 

Now putting above commutators to pip and comparing parts tangent to M in 
(|3"Tj) . we get thesis. 

4. A (para)contact metric manifold 

We recall some properties of (para)contact metric manifolds. 
Let M be a (para)contact metric manifold. Let us define h — ^^f, 
where L is the Lie derivative, then 



g(hX, Y) = g(hY, X) (h is a symmetric operator), 
iph + hip = 0, Tr h = 0, h£ = 0, n o h = 0. 



(32) 



Moreover, the following conditions are fulfilled on M 

V x £, = - e ipX + enphX, (33) 
ei(V v x<p)<pY-(V x <p)Y = 2e l9 (X,Y)£ (34) 

- ei ri{Y)(e X - ethX + s r)(X)0- 

Additionally = 0, V%<p = 0, r] o h = and we know that a (para)contact 
metric manifold is a (para)-Sasakian one if and only if 

(\7 X <P)Y = -eig(X, Y)£ + e £iv{Y)X. (35) 

For a contact metric manifold (eo = 1 i s\ — —1), formulas (j3"2")l . ([3"3"| . 
(jM)) and (|35p are proved in [lij]. For a paracontact metric manifold (eo = 1 i 
£i = l) they are shown in Q. In general, proofs are analogical to this contained 
in [l2| and Q. 

Proposition 7. For a (para) contact metric manifold, we have 

{V v x<p)Y + tp{V x <p)Y ,„ R v 
= -e ei(g(<p(eoX + e x hX), Y)Z - 2 V (Y)<pX). {00) 
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Proof. Using ([T]), we see that is equivalent to the following condition 

(V x <p)Y + eMV v x<fi)Y - 77(V^F)£ + <pX V (Y)S + n(Y)V vX £ 
= - 2e l9 (X, Y)£ + e lV (Y)(eoX - e x hX + e T)(X)£). 

Putting ip on the above equality and using ([1]), (|33|) and (|32|) . we get ([36]) . 

Proposition 8. The Nijenhuis tensor N of a (para) contact metric manifold 
satisfies 

N(X,Y) = -2<p(V x ip)Y + 2<p(V Y <p)X + 2s s 1 r){Y)tpX (37) 
-2e e x n[X)ipY + 2e l g{X,ipY)i. 

Proof. With the help of the Levi-Civita connection on M we get 

N(X, Y) = -ip{V x <p)Y + <p(V Y <p)X + (V vX <p)Y - (V vYl p)X. 

Next, applying (f36|) and (|32|) . we obtain <j37j) . 

Theorem 3. The curvature operator of a (para) contact metric manifold satis- 
fies the following identity 

([R(Z, <pX),<p] + [R{ipZ, X),<p]~ £i [R(<PZ, fX), <p] ip (38) 
- [R(Z, X),<p] <p)Y - n(Y)( Sl R(Z, X)£ + R(<pZ, cpX^ 

= - 2(y {Vzv)x . {Vxv)Z ip)Y + 2eoe 1 n(X)(V Z ip)Y 

- 2e Q e 1 T 1 {Z)(S7 x <p)Y - 2e l9 (Y, (V z p)X - (V x p>)Z)£ 
+ 2e e 1 r l (Y)((V zV )X - {V x <p)Z)) 

- 4E g(<pX, V Y) V 2 Z + ±E g{yZ, V Y)<p 2 X 
+ 4e eig(Y, ipX) v Z - 4e e l9 (Y, <pZ)ipX. 

Proof. On the (para)contact metric manifold, we have (|3"o| . It means, that 
the condition (IT8l) is fulfilled with S = — 1. Moreover from (|37l) . we get 

<pN(Z, X) = -2ei((V z <p)X - (V X ip)Z) + 2e oV (X)Z - 2e aV (Z)X. 

In view of the above equality, we obtain 

-£i{{^ v n { z,x)V)Y + eig{<pN(Z, X), Y)£ - e^(y)ipN{,Z, X))} (39) 
= ^(v zv) x-(v xV )zv)Y - 2e e 1 r ) (X)(V z <p)Y 

+ 2e e lV (Z)(V x <p)Y + 2e l3 ((V z <p)X - (V x tp)Z, Y)£ 

- 2e v(X)g(Z, Y)£ + 2e r 1 (Z)g(X, Y)£ 

- 2 V (Y)(e e 1 ((V zV )X - (V x <p)Z) - V (X)Z + rj(Z)X). 

Finally, the condition J35J follows from J3D) after using fl3§J|, flU, © and putting 
S = -l. 
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Theorem 4. The Riemannian curvature of the (para) contact metric manifold 
satisfies the following relation 



R(Z, ipX, ipY, W) + R(Z, ipX, Y, ipW) + R{cpZ, X, <pY, W) (40) 
+ R(ipZ, X, Y, ipW) - R(ipZ, tpX, Y, W) - eiR{ipZ, ipX, tpY, tpW) 
- eiR{Z, X, Y, W) - R{Z, X, tpY, tpW) 

2n+l 

= -2 J2 £i(V Ei $)(Z,X)(V Ei <f>)(W,Y) 

i=l 

+ 2e e 1 (V z ^)(W,Y)r ] (X)-2s s 1 (S7 x ^)(W,Y)Ti(Z) 
-2e e 1 (\7 Y <S>)(Z,X)r 1 (W)+2eoe 1 (\7 w <S>)(Z,X)r 1 (Y) 
+ 4e o5 (^X, V Y)g{ V Z 7 <pW) - 4e g{ V Z, ipY)g{ipX, tpW) 
+ 4e e l9 (Y, (pX)g(cpZ, W) - 4e Q e l9 (Y, (pZ)g(tpX, W), 

where (Ei) is an orthonormal frame and Ei — g(Ei, Ei). 

Proof. Let us rewrite the condition (|38|) without commutators 

R(Z, tpX)tpY - <pR(Z, <pX)Y + R(ipZ, X)tpY - (pR{tpZ, X)Y (41) 
- R(tpZ, ifX)Y + etipRfaZ, <pX)tpY - e x R{Z, X)Y + <pR(Z, X)tpY 
= - 2{V ( y zv)x _ (yxv)zV )Y + 2e s 1 r 1 (X)(W z ^)Y 

- 2£ 0£l 77(Z)(V^)y - 2e x g(Y, (V z <p)X - (Vx<p)Z)£ 
+ 2e e 1 r ] (Y)((V z ip)X - (Vx<p)Z)) 

- 4e g(<pX, <pY)y 2 Z + 4e g(^Z, V Y)^ 2 X 
+ 4e £ l5 (y, cpX)(pZ - 4e e ig (Y, <pZ)yX. 

Let (Ei) be an orthonormal frame. Since g((V x<fi)Y, Z) — (Vx$)(Z,Y) and 

(Vjc*)(Z, Y) + (V Y $){X, Z) + (V Z $)(Y, X) = 0, 

we have 

g{Y,{V z <p)X-{Vxv)Z) = (V Y $)(Z,X), 

2n+l 

i=i 

Projecting (|4"Tj) on the vector field W and using the above conditions, we get 
the thesis. 

The Theorem |4j is the most general relation concerning the Rimannian curva- 
ture of the (para) contact metric manifolds. 
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Up to now, It were known the identities for Ricci, *-Ricci, scalar, *-scalar 
curvature and some special properties of the Riemannian curvature tensor and 
only in two the following cases: 

(a) for a contact metric manifold (i.e. Eq = 1 i E\ = —1): Proposition 7.1, 
Corollary 7.1, Lemma 7.4 and Proposition 7.7 in the monograph [12] ; 

(b) for a paracontact metric manifold (i.e. Eq = 1 i £j = 1): Proposition 3.1, 
Corollary 3.2, Lemma 3.4, Lemma 3.7 and Corollary 3.9 in the paper Q. 

All these identities follow from Theorem fJJ Below, in Corollaries [1] - 21 we 
present the form of mentioned identities in general case i.e. for any value of £o 
and e±. 

Corollary 1. The curvature of a (para) contact metric manifold satisfies 

(R($, X){ + enpRit, <pX)t) = 2 V 2 X - 2 £l h 2 X 1 

-s-lR^, X, Y, Z) - i?(£, X, <pY, <pZ) + R(£, <pX, tpY, Z) 
+ R&<pX,Y,<pZ) = 2(?7 h x$)ly,Z) 
- 2E g{E X - e x hX, Z) V {Y) + 2e o9 {e X - El hX, Y)n{Z). 

Corollary 2. For any (para) contact metric manifold, we have 

Ric{ipX, <pY) - £iRic(X, Y) + Ric* (X, Y) + Ric*(Y, X) 

= - EtV s i9 ((Ve^)X, (V Ei <p)Y) + (An - l)e g(X, Y) 
+r,{X)r,{Y) - 2e l9 (X, hY) - E g(hX, hY), 

where (Ei) is an orthonormal frame and Ej = g[Ei, E^). 

Corollary 3. On a (para) contact metric manifold the Ricci curvature in the 
direction of £ is given by 

Ric(£,Z) = -£i{2n-\h\ 2 ). 

Corollary 4. On a (para) contact metric manifold the scalar curvatures r and 
r* fulfill the equality 

r* + £ X r + An 2 = Tr h 2 + i(Tr(V^) 2 - An). 

where r is the scalar curvature and r* = Tr ff {(X, Y) — > Ric(X,Y)} is the 
* — scalar curvature. 

From Theorem 21 follows also 

Corollary 5. On the (para) contact metric manifold of constant sectional cur- 
vature, we have 

2n+l 

e i P(E i ,Z,X)P(E i ,W,Y) = 0, (42) 

i=l 
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where P is the tensor field defined as follows 

P(X, Y, Z) = (V X $)(Y, Z) + e e ig (X, Z)r,(Y) - e s l9 {X, Y) V (Z), 
(Ei) is the orthonormal frame and = g(Ei, E{). 

PROOF. Similarly, as in Theorem 3.12 in the paper [4] it is proved that if the 
(para)contact metric manifold is of constant sectional curvature k, then k — 
— SqEi. Next, putting in (|40l) the condition 

R(X, Y, Z, W) = -s ex{g(Y, Z)g(X, W) - g(X, Z)g(Y, W)) 

and using ©, we obtain 

2n+l 

e i (v^#)(z,jr)(VB,#)(w,r) 

i=l 

+ e e lV (W)(\7 Y $){Z, X) - e £i?7(r)(V w <P)(Z, X) 

- e £i?7(X)(V z ^)(W, Y) + eoe^iZ)^ X $)(W, Y) 

- g(Z, Y)n(W)n(X) + g(Z, W)n(Y)n(X) 

+ g(X, Y) v (Z)rj(W) - g(X, W)v(Z)tj(Y) = 0, 

that is equivalent to (pl2"j). 

5. A normal almost (para) contact manifold 

In the proof of the theorem about the curvature operator, we will use the 
following proposition. 

Proposition 9. The following conditions are mutually equivalent 

(a) M is a normal almost (para) contact metric manifold; 

(b) M is a (para) complex manifold; 

(c) N(X,Y) = 0. 



Proof. If (a) is fulfilled then the tensor A^ 1 ) = 0. Hence, in view of [12, 
Theorem 6.1] and @, Proposition 2.3], we claim that = 0, 7V (3) = and 
7V (4) = 0. Therefore from (Hi, we get N — 0. Hence M is a (para)complex man- 
ifold and (b) is fulfilled. It is obvious that (b) implies (c). Now, let us assume 
(c). Using (|2l)]) . we get iV^ 1 ) = 0, so that M is a normal almost (para)contact 
metric manifold and hence (a) is satisfied. 

We also need the following necessary and sufficient condition for the nor- 
mality. For Sq — 1 and E\ — —1, it is proved in the paper S. Tanno |15| . and 
for £o = l and E\ = 1 in the paper J. Welyczko [16]. In general case i.e. for any 
value of £q and £1, the proof is analogous. 
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Proposition 10. The almost (para) contact metric manifolds is normal if and 
only if 

<p(Vx<p)Y-(V v x<p)Y + ei(V x rj)(Y)Z = Q ) (43) 
where V is the Levi-Civita'y connection. 

Theorem 5. The curvature operator of a normal almost (para)contact metric 
manifold satisfies the following identity 

([R(Z, <pX)M + {R&Z, X), <p] + El [R(<pZ, <pX), <p]<p + [R(Z, X), <p]<p)Y 
= -r,(Y)( El R{Z, X)£ + R(<pZ, y>X)Z). 

Proof. The normality of the almost (para)contact metric is equivalent to con- 
dition (|43p. It means that (fT8|) is fulfield with 5 = 1. Now, putting 5 = 1 and 
<pN(Z,X) = tpNW(Z,X) = in 0, we get the thesis. 

Theorem 6. The curvature operator of the normal almost (para)contact metric 
manifold satisfies the identity 

£iR(Z, X)Y - <pR(Z, X)ipY + R(Z, ipX)ipY - ipR(Z, ipX)Y 
+ R(ipZ, X)ipY - <pR(<pZ, X)Y + R(<pZ, ipX)Y - enpR{yZ, ipX)<fY = 0. 

Directly from the above theorem, for Z — £ , we get: 

Corollary 6. On the normal almost (para) contact metric manifold, we have 

e 1 R(£, X)Y - <pR(Z, X)yY + R[£, V X) V Y - cpRfa V X)Y = 0, 
e 1 R(t,X)Z-<pR(Z,<pX)Z = 0. (44) 

Below are the conclusions of Theorem [5] concerning the Ricci curvature. 

Corollary 7. The Ricci Tensor of the conformally flat normal almost (para)- 
contact metric manifold of dimension 2n + 1 5 satisfies the relation 

RTcipX -<pRicX = r](RTc<pX)£-ri(X)<pRPc£, (45) 

Ric(X, Y) + ei Ric(ipX, tpY) = 7](X) Ric(Y, £) + r,{Y) Ric(X, £) (46) 

-fl(X)ri(Y)Ric(Z,0, 

Ric(X,X)+e 1 Ric(<pX,<pX)=0 for X,YeT>. (47) 

Proof. The Riemannian curvature tensor of the conformally flat metric man- 
ifold has the form 

R(X,Y)Z = — - — (g(Y,Z)RTcX + Ric(Y,Z)X (48) 
2n — 1 

- g(X, Z)RicY - Ric(X, Z)Y) 
2n(2n — 1) 
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From HH|), after using (|4"8"]). ([TJ) and ©, we obtain 

Pdcip 2 X - ipRicLpX = ■q[Ricip 2 X% 

Putting in the above equality ipX instead of X and using once again (JT|) , we get 
(143)) . Projecting (|4"5"j) onto and using ([T]) and ©, we obtain the condition 
(J3SI) • The equality (|4"7} is a direct consequence of the formula finj . 
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